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Section |
10 marks
Attempt Questions 1-10

Use the multiple-choice answer sheet for Questions 1-10.

1) The Argand diagram shows the complex number e,
A

i0

Which of the following diagrams best shows the complex number —ie2¥?

(A) (B)

(©) (D)
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(2) A body of mass 5 kg is acted upon by a variable force F = 15(t? + 3) Newtons, where ¢ is in
seconds. If the body starts from rest, which of the following is the velocity function?

(A) v=t3+09t
(B) v = 5t3 + 45t

(C) v =+/2t3 + 54t

(D) v =+10t3 + 270t

(3) Which pair of vectors are perpendicular?
(A) 21+ 3)+5kand 41— 25) + 9k
(B) 1— 21+ 12k and 3t + 3] + 5k
© 51—)+17kand 21+ 3) — k

(D) —31+4)—kand 2t + 3] + 5k

(4) Which of the following statements is false for real values of x and y?
(A) Vx,Vy:x2>y+1.
(B) Vx,qy:x?<y+1.
(C) 3x,Vy:x?>y+1.

(D) 3x,3Fy:x?<y+1.
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o 2i 3
(5)  Which diagram represents z such that arg (izi) = Tn?
(A) (B)
I'm Iin
2
< 1
z
Re Re

© (D)
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(6)  What is the derivative of sin™! x — V1 — x2?

(A)

(B)

(©)

(D)

(7) The fifth roots of 1 + /3i are:

41T, 2TT. 2TT. 41T,

(A) Y2e 54 32e 5432, V2e5 Y, V2eS
4TT. 2TT. 2TT. 4TT .

(B) 2e 5%,2e 542,25 2es"
131 7_71' K2

. . . TT. 11m.
©) V2e 154,2e7 15, 2e7 15,23, V27"

11 Tl'i 13m
1

O) Y2e 1, 32e" 5, Y2eis , 2ot Y2eis!

(8) A particle moves in a straight line so that its acceleration at any time is given
by ¥ = —4x. What is the period and amplitude given that initially x = 3 and

v =—6V3?
(A) T=§anda=3
(B) T=§anda=6

(©) T=manda=3

(D) T=manda=6
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(9) Which of the following is an expression for [ sin? x cos® x dx ?

i3 i 5 i 7
sin® x 2sin”x sin’ x
A) — + — +c
3 5 7

(B) —sin®x + 2sin®x —sin” x + ¢

i03 i 05 i 7
sin® x 2sin® x sin’ x
©) — + +c
3 5 7

(D) sin®x — 2sin®x +sin” x + ¢

(10) Which of the following is an expression for [ x*log, x dx?

x*log,x xS

(A) ” =T
© DRIy
D) xslogex_x_S_l_ c

5 5
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Section 11

90 marks
Attempt Questions 11-16

Start each question on a NEW sheet of paper.

Question 11 (15 marks)
(@) Ifz=2—iV12

(i) Express z in modulus-argument form. [2]
(ii) Find the modulus and argument of z5. [2]
(b) Find
(i) [2]
[ =
—ax
Vi—ox?
(ii) [2]
j‘ 2x p
—ax
Vi—ox?
()
. 8—x A B C
(i) Express 22 in the form " + o + G
where A, B and C are constants. [2]
(i)  Hence find [2]

8—x g
Jx(x—Z)2 x

(d) If w is a complex root of the equation z3 — 1 = 0.
(i) Showthat1+ w + w? = 0. [1]

(i) Prove that (a + b)(a + wh)(a + w?b) = a3 + b3. [2]

End of Question 11
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Question 12 (15 marks)
Use a NEW sheet of paper.

(@) Itisgiventhat |z + 2| < % show that |6z + 11| < 3.

(b) Sketch the region Re(z) > |z — z|2.

(©
(i) Show that an equation of the line that goes through the points
(8,—19,13) and (7,—15,10) is
r=B8-1—(19 - 4/1)1 + (13 -3k
(i) Take an interval on the line 7 such that =3 < A < 7 and find a
point that divides the interval internally into a ratio of 3:2.
(d)

(i) Explain why a cubic polynomial equation always has a real root.

(ii) The cubic equation x3 + bx? + cx + d = 0 has a pure imaginary
root. If the coefficients are real show that d = bc and ¢ > 0.

(e) If |z — 2i] = 1, find the greatest value of |z — 3.

End of Question 12

[2]

[3]

[2]

[2]

[1]

[2]

[3]
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Question 13 (15 marks)

Use a NEW sheet of paper.

(&) Numbers such as 6 and 28 are known as perfect numbers because they

(b)

(©)

(i)
(if)

(i)

(ii)

(iii)

(i)

(if)

(iii)

are equal to the sum of their factors, excluding the number itself.

A conjecture has been proposed that: if p is a perfect number then any
multiple of p is also a perfect number.

Use a counterexample to disprove this conjecture.

Prove that: if p is a perfect number then no multiple of p is a
perfect number.

Write down the greatest and least values of the expression
1

54+ 3cosx

Show that

ST

dx

T T
— < ———— < —
16 JO5+3cosx 4

Use the t-formulae to evaluate, correct to 3 decimal places,

/2 dx
,[0 5+ 3cosx

. ) 1 1
Given that z = cos 8 + i sin 8, show that sin 8 = py (z — —).

V4

Express sin® 6 in terms of multiples of 6.

Hence, find [ sin® 6 d6.

End of Question 13

[1]

[2]

[1]

[2]

[3]

[1]

(3]

[2]
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Question 14 (15 marks)
Use a NEW sheet of paper.

(a) Triangle APB is isosceles with PA = PB and £ZABP = «a. Points A and B are

represented by the complex numbers z and w repectively and M is the
midpoint of AB.

'}
Im P

A(2)
(i) Explain why the distance MP = % lw — z| tan .
(ii) Show that the vector MP = %i(w —Z)tana.

(i) If @ = 45° show that the complex representation of the point P is

%(W+iw+z—iz).

(b) Use mathematical induction to prove that the following is true for every
integer n = 2,

2

1+2++n<n
2 3 n+1 n+1

[1]

[2]

[2]

[3]
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(c) If tana,tan S8, tan y are the roots of the equation
x3—(a+Dx?+(c—a)x—c=0,

show that @ + B +y = nm + —, where n is an integer.

1
(d) Consider the liner = A H
1

(i) Using the method of vector projections, show that the position
vector of the point on the line r closest to the point (x,, ¥o,Zo) IS

1
2
1

(ii) Hence, find the point on the line r that is closest to a second line

Xo + 2y + 29
6

4 ~1
c=|[1|+¢t]| 1 |, wheret € (—o0, ).
0 5

End of Question 14

[2]

[2]

[3]
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Question 15 (15 marks)
Use a NEW sheet of paper.

(@)
(i) Given f(x) = f(a — x) and using the substitution u = a — x,
prove that [2]
a a a
f xf(x)dx = —f f(x)dx
0 2 0
(i) Hence, or otherwise, evaluate in exact form: [2]

j‘” x sin x p
————dx
o 1+cos?x

(b) A particle P of mass 3 kg has simple harmonic motion in the x-direction
described by the equation x? = 2572 — w2x2, where x is in metres.

(i)  Show that x = 5 cos(mt), where t is in seconds, is a solution to the
equation. [1]

(i)  The particle is also undergoing simple harmonic motion in the
y-direction such that y = 5 sin(wt). Hence, the position of the
particle can be represented in vector form by,

Position

[]= 2o

Show that the particle’s velocity and acceleration can be described
by the following vector equations, [1]

Velocity
[x] _ [—571 sin(7mt)
vl | 5mcos(mt)

Acceleration

I i
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Part (b) continued...

(iii) Show that the equation of the path of the motion is a circle and find
the radius and period of the motion. [3]

(iv) Describe the particle’s acceleration vector relative to its position
vector, at any time t, by referring to its direction and proportionality. [2]

(v) Find the dot product of the velocity and acceleration vectors.
What does this imply about the motion? [2]

(vi) The particle P is moving on a smooth table and is attached to a second
particle Q hanging below the table by a light string, as shown in the
diagram. Taking gravity as g = 10 m/s?, find the mass of the second
particle Q that is needed to allow for the motion of the first particle P. [2]

End of Question 15
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Question 16 (15 marks)
Use a NEW sheet of paper.

(a)
(i) Show that,

2sinf Z sin 2k6 = cos 8 — cos(2n + 1)60

(i) Hence, evaluate in exact form,

km km
2 Z sin—cos—

(b) Given that x, y and z are positive real numbers.

(i) Provethat2,/xy <x +y.
(if)  Hence, conclude that 8xyz < (x + y)(x + 2)(y + z).
(iii) Leta, b and c be the sides of a triangle. Show that

(a+b—-c)la—b+c)(—a+b+c)<abc.

(©
(i) Provethatvx(1—vx)"  =(1-vx)" —(1-vx)"
(i) Let
1
I, = f (1-+vx)"dx wheren =1,2,3,..
0
show that
n
=g

(iii) Hence evaluate I, .

End of Question 16

End of Exam

[3]

[2]

[1]
[2]
[2]

[1]

(3]

[1]
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Question 13

(a)(1) 6 1s a perfect number and 12 is a multiple of 6.
Factors of 12 are {1, 2, 3,4, 6, 12}.

1+2+3+4+6=16 > 12

This counterexample disproves the conjecture
since we have a multiple of a perfect number
that isn’t a perfect number.

Some students didn’t know the difference
between a factor and a multiple.

(i1) p is a perfect number. Let the n factors of p (excluding p)

in ascending order be {f3, 15, f3, ---, fn}- Note that f; = 1
since it is a factor of all positive integers.

Let k be an integer such that k > 2. Assume that kp is
a perfect number, thus

kp=k(fi+fo+fz3+-+f)
= Kfy + Kf, + Kfy + o+ K,

Note that kf; > 1 but 1 is a factor of kp so 1 must
be included into the sum, thus

1+ kf, + kfy + kfs + -+ kf, > kp

This contradicts our assumption, therefore kp is
not perfect.



: 1
(b)(1) The extremes 0f5_|_3 —

extremes of cos x, that 1s —1 and 1.

will occur at the

QGreatest Least
1 B 1 1 _ 1
5—-3 2 5+3 8
(11) 1 1 1
— < <=
8 5+4+3cosx 2

n [ (3
f?ld <Ji 1 p <f71d
o 8 *= o Dt 3cosx *= 0 2 X
n )
’1 r<F 1 J <1‘
8 |, Jo St3cosx 2],

n'<f% 1 g <
16— J, 5+ 3cosx =7




f% 1 fl 1 2

e — x

() ] 5+ 3cosx ¥ 054zl 2 14t
1+ t?

1 2
= dt
_L5+5H+3—3ﬂ

[
4+ t2

- gl
=7 |tan 21,

_1t —11
— oy

Pat (b) was generally done very
well. Lots of students gave the

final answer in degrees instead of
radians.

~ 0.232

(c)i) z—z 1 =cosB +isinh —cosH +isinfh

z——=2isinf
Z

L A N
ZiZZ_Sln



(11) z™" = cosnb + isinn®

z ™ = cosnf —isinnf

z" — z7" = 2isinnf
n=1 .
Most students did not show these
1 o results for n=3 and 5. Though they
Z— E = 2isin@ didn’t lose marks for this in a similar
_ question in the HSC they will. Given
=3 ) )
that part (i) was proving for n=1
1 these results cannot be assumed.
z3 ——5 = 2isin30
VA
=5

5 1 ™
z ——5=2Lsm59
iz

NS 1
Sin —Ziz 2

_ 5 41 31 21 1 1
=—|z>—-52z E+1OZ 2—2—102 z_3+szz_4_z_5

_ L s_ 2 5|23 ! +10 !

A\ HPE ‘77
1 .. L .

=2—5i(2151n56—5x215m39+10x215m9)

1
sin® @ = ?(sin 560 — 5sin360 + 10sin @)

1
(i) fsin5 0 do = Ej(sin 56 —5sin36 + 10sin 8)d6

1 1 5
= E(—gCOSSB +§cos 36 — 10 cos@) +C



Question 14

(a)i) MB = %Iw .

‘ _MP
ana = VB
MP = MBtana

MP =§|w—z|tana

— 1

(i)  AM = 2 (w—2)

m Many students did the 90° rotation by
MP | M P’ | multiplying by i they did not show

=] —=X
' | A Ml the scaling needed for the difference
in lengths.
1
-E(W_Z) P
=[] X
llMB
Sw=2) 1
=L1—><E|w—z|tana
5 lw—z]
1
=—i(w—2z)tana
2
(iii) OP = OA+ AM + MP
1 1
=z+-(w—2z)+si(w—z
S —2) + Zi(w—2)
1 1 1 1
=Z+-wW—=Z+=-IlW—=1Z

2 2 2 2

S USSR
—2W ZLW 2Z ZLZ

— 1
0P=E(w+iw+z—iz)



(b) Proveforn = 2

RHS—4 LHS—1+2
3 . 23
=1+4= _7

3 6
1

Many students setting out for this induction
was difficult to follow. Side results you

need to prove your induction step should be
1 2 k 2 done separately from the induction structure

Assume forn = k

—t— 4 < and then only referenced within the
2 3 k+1 k+ 1| gructure. To see how to reference results
look at the solutions to the 2017 SGHS
Proveforn =k +1 THSC question 16 (c).
Required to prove
(k + 1)? 1+2+ N k +k+1 S
k+2 2 3 k+1 k+2
(k + 1)? k?  k+1 b -
LHS > _ y assumption
k+2 k+1 + k+2
Ck+ D2 K2 k+1
 k+2 k41 k+2
_(k+1)° —k*(k+2) - (k+1)°
B (k+ 1k +2)
kP32 +3k+1 -k —2k* —k? -2k -1
B (k+ 1Dk +2)
T k+ Dk +2)
>0

Hence by the principles of mathematical induction
the inequality is true for all integers n > 2.



(b) Another method
Prove forn = 2

Most students that gained full marks for this
Assume forn = k question used this method.

1+2+ + 5 < i3
7' k+1 k+1

Proveforn =k +1

Required to prove

1+2+ N k +k+1<(k+1)2
2 3 k+1 k+2 k+2

k? k+1
k+1+k+2
CkP(k+2) + (ke + 1)
 (k+ Dk +2)

kP +3k% 42k +1
 (k+ Dk +2)

k3 +3k?+3k+1
(k+1D(k+2)
o (k+1)?
T (k+D(k+2)
_(k+1)?

k+2
= RHS

LHS <

by assumption

Hence by the principles of mathematical induction
the inequality is true for all integers n > 2.



(c) tana +tanf +tany =a+1
tanatanf +tanftany + tanatany = c —a

tanatanftany =c¢

tan(a + ) + tany
1 —tan(a + f) tany

tan(a + B +y) =

tan a + tan
1- tanatanﬁﬁ +tany
tana + tan
1=79 —tanatanﬁﬁ tany
tana +tanf | tany (1 —tanatanpf)
_ 1—-tanatanp 1 —tanatanf
~ 1—tanatanf tanatany +tanftany
1 —tanatanf 1 —-tanatanf

tana + tanf +tany —tana tanf tany
1 —tanatanf —tanatany —tanf tany

_ a+1—c
T 1-(c—a)

_a+1—c
T 1—c+H+a
=1

a+p+y=tan"1(1)

m

=2 +nm  where n is an integer



_x0+2y0+zo
12422412

_xU+2y0+ZO
B 6

e el

4—t
1+4¢

(i)  [*o
-
5t

Zy

4—t+24+2t+5t
6

1
2“
1

So the point on 7 that has a perpendicular distance
toapointoncis (t +1,2t + 2,t + 1) for any ¢t.
And that point on ¢ is (4 — t, 1 + t, 5¢).

proj,c =

1
2]
1

1

_6t+6
6

1

=(t+1)

Many students found these two points but
then didn’t go onto find the ¢ value that
minimize the distance between them.




Let [ be the distance between the two points, so

P=@-t—t—-1) 2 +Q+t—-2t-2)+(t—t—1)2
12=0B-2t)2+(—t—1)2 + (4t — 1)?
12 =2 e 1296V 2 &1L TH —BE 4 1

[? =21t* — 18t + 11

dl?

— =42t - 18
dt

Stationary point
42t —-18=0

L =

| W

d?1?

752 =42 > 0 minima

The position vector is

(Z+1) :
1]
_ (9) H
7 114
So the point is (10 , <0 , 10)
777
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